DIFFERENCE EQUATIONS OF QUANTUM CURRENT 
OPERATORS AND QUANTUM PARAFERMION CONSTRUCTION 
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Abstract. For the current realization of the afhne quantum groups, a simple 
^ ' comultiplication for the quantum current operators was given by Drinfeld. With 

, this comultiplication, we prove that, for the integrable modules of Uq{5l{2)) of 

level k + 1, x^{z)x^{zq^^) ■ ■ ■ x^{zq^'^'') are vertex operators satisfying certain 
q-difference equations, and we derive the quantum parafermions of Uq{sl{2)). 
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1. Introduction. 

Lie algebra s/(2) has three current operators e{z), h{z) and f{z). For any integrable 
O ' highest weight module of s/(2) of level fc, the current operators e{z) and f{z) satisfy 

the following differential equation: 

{e\z)y- : z-^h{z)e\z) := = : z-^h{z)f{z) :, 

which implies that e^{z) and f^{z) are vertex operators [LP]. 

For the case of quantum affine algebras, Drinfeld presented a formulation of affine 
quantum groups with generators in the form of current operators [Dr2], which, for the 
case of Uq{sl{2)), give us the quantized current operators corresponding to e{z), h{z) 
and f{z) of s/(2). We would like to find out if it is possible to derive a similar equation, 
I which will degenerate into the equation above. To solve this problem, we need to use 

the Drinfeld comultiplication for the current formulation of [/g(s/(2))[DF][DI], which 
resolve the difficulty caused by the non-commutativity of those quantum current 
operators. This comultiplication is very simple as opposed to the comultiplication 
formula induced from the conventional comultiplication, which can not be written in 
a closed form with those current operators. With this comultiplication, we are able 
to study the zeros and poles of quantum current operators for integrable modules to 
derive a quantum integrable condition for ?7q(s/(2))[DM]. 

In this paper, we will use the same method as in [DM]. We will start with the 
case of the module F for the fundamental representations at the level 1 for the case 
of Uq{sl{2)), which is the representation constructed by Frenkel and Jing by using 
vertex operators. Uq{sl{2)) as in the Drinfeld realization (see Definition 2.1) has four 
current generators x~^{z), ip{z), iplz) and x~{z), where x^{z) and x~{w) are quantized 
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current operators of Uq{sl{2)) corresponding to e{z) and f{z) of sZ(2) respectively and 

(p{z), ip{z) are quantized current operator corresponding to the negative half and the 
positive half of h{z) of s/(2) respectively. Using Drinfeld comultiplication, we show 
that, on any level m + 1 integrable module of Ug{sl{2)), 

ix+{zq^)){x+{zq'')) ■ ■ ■ = 
ip-\zq'^/^+^/^){x+{z)){x+{zq^)) ■ ■ ■ (x+(zg(2-)))^(;,^(-+i)3/2)^ 
{x-{zq^"'+^)){x~{zq^"')) ■ ■ ■ {x" {zq^)) = 
ip{zq-^"'+^^^/^){x-{zq^"')){x-{zq''"'-^)) ■ ■ ■ (x-(z))^-^(zg-"/2+i/2)^ 

and, {x'^{z)) ■ ■ ■ {x^{zq^'^'^^)) and (x' (zq^'^™-)) {x~ {zq"^"^'"^)) ■ ■ ■ {x~{z)) are vertex 
operators. In the last section, we apply this method to derive the parafermions (j)i{z), 
i = 0, m - 1, on the module (gj^'+^F for Uq{sl{2)), such that 

(,x+(^))(x+(zg2)) ■ ■ ■ {x^izq'')) = V,^z)r^\z), 

{x-{zq'')){x^{zq''-^)) ■ ■ ■ {x+{z)) = V,- {z^^.,.^{z), 
where (f)i{z) commute with (f{z) and ip{z), and V^{z) and V^{z) are vertex operators. 

2. Quantum difference equation and vertex operator 
We will first present the current realization of Uq{sl2) given by Drinfeld [Dr2]. 

Definition 2.1. The algebra Uq{si2) is an associative algebra with unit 1 and the 
generators: ip{'m),ip{—'m), for i = l,...,n — 1, / e Z and m G Z<o and a 

central element c. Let 2; be a formal variable and x^{z) — Zl^g^ ip{z) — 
^meZ< and ip{z) — J^^^z^ i^i''^)^'^- In terms of the formal variables, 

the defining relations are 

V9(0)V(0) = V(0)v^(0) = 1, 

if{z)^{w) = ^{w)^{z), 
ilj{z)ip{w) = ip{w)ip{z), 

(p{z)x^{uj)ip{z)~^ = g{z/wq^^'-'')^h:^{w), 
ip{z)x'^{w)ip{z)~^ = g{w/zq'^2^)^'^x'^{w), 

[x~^{z),x~{w)] = ^S{z / wq~'^)^{wq^'^) - S{z/wq'^)(p{zq^'^)^ , 

{z - q^°'w)x^{z)x^{w) = {q^°'z - w)x^{w)x^{z), 
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where 

S{z) — ^2 fl'(^) = (expanded around z = 0) , a = 2. 

For this current realization, Drinfcld also gave the Hopf algebra structure. 

Theorem 2.1. The algebra Uq{sl2) has a Hopf algebra structure, which are given by 
the following formulae. 
Coproduct A 

(0) A(g^) = g^®g^ 

(1) A{x+{z)) = x+{z) (g) l + (p{zq^) ^x+izq"^), 

(2) A(x~(z)) = 1 (8) x~(z) + x'izq"") ® ij^izq^), 

(3) A{<p{z)) = <p{zq-^-t) ® ip{zq^), 

(4) A{iP{z)) =iP{zq'^)0^izq~^-^), 

where c\ is the action of the central element c on the first component and C2 is the 
action of the central element c on the second component. 
Counit e 

e{q') = 1 si^iz)) = e{ij{z)) = 1, 
s{x^{z)) = 0. 

Antipode a 

(0) a(q'^)^q-'^, 

(1) a{x'^{z)) = ~Lp{zq^^)~^x^{zq~''), 

(2) a{x~{z)) = -x" {zq~'')ip{zq~^)~^ , 

(3) a{ip{z)) = v{z)-\ 

(4) a{^{z)) = i;{z)-\ 

This comultiplication structure requires certain completion on the tensor space. 
For certain representations, such as the n-dimensional representations of Ug{sln) at 
a special value, this comultiphcation may not be well-defined. Nevertheless, for any 
two highest weight representations, this comultiplication is well-defined, because the 
action of the operator as a coefficient of z"^ of the currents operators on any element 
of such a module are zero if m is small enough. 

We will present the Frenkel-Jing construction of level 1 representation of Uq{sl2) 
on the Fock space. 
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Consider an algebra generated by {ofej k e Z \ {0}} satisfying: 

[2k][k] 



[ak,ai] 



Jk+i,o- 



k 



where [k] — ^z^t-- We call it the Heisenberg algebra. 

Let Q — Za be the root lattice of 5/(2). Let us define a group algebra C(g)[P], 
where V is the weight lattice of sl2- Let Ai be the fundamental weight of sl{2) and 
2Ai = a. Let Aq = 0. 

Set 

J^i := C(g)[a_fc( k e Z>o)] C(g)[g]e^\ 

This gives the Fock space. 

The action of operators 0^,9^,6" {1 < j < N) is given by 



A; < 0; 

[ttk, /] ® k>0, 
d^- f® e/ = {a, P)f ® for f ® e Ti, 

Lemma 2.2. The following action on J-'i of Uq{sl{2)) gives a level 1 highest weight 
representation with the i-th fundamental weight. 

o x^{z) ^ exp[± J2 Trf?^^"'^'] exp[T E ^g^^'^~1e±"^±^"+\ 
o (^(^) ^ exp[-(g - q-^) E a-fc^1g~^", 

*;>0 

o ^{z)^exp[{q-q-^)Y,akZ-'']q^". 

k>0 

This imphes that on J^i for the case of Uq{sl2) 

x+{z)x+{w) = z\l - -)(1 - ^) : x+{z)x+{w) : 

2 

a;~(2;)x"(-u;) = 2:^(1 — — )(1 — ^^^) : x"(2;)a;"('u;) : 

z z 

x'^{z)ip{w) = q~^ — : V{w)x+{z) := ^^^5/2 y^(w)a;+(2:) 



Lemma 2.3. (Se^ ^— E©.Fj. >ln?/ level m integrable module is a submodule of ®"^^. 
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For the case of sl{2), we have that the correlation functions of e{z)e{w) and 
f{z)f{w) have no poles, which are always polynomials of z, ,w,w~^. By the cor- 
relation functions of an operator, we mean all the matrix coefficients of the operator. 
However, for the quantum case, we have [DM] 

Theorem 2.4. For any level m > 1 integrable module of f/g(sl2), the correlation 
functions of x^{z)x^{w) has at most poles at zq^'^ = w. For any level m > 1 
integrable module of Uq{si2), the correlation functions of x^{z)x^{w) has at most 
poles at zq^ — w. 

Theorem 2.5. For any level m integrable module ofUq{sl2), the correlation functions 
of x~^{zm+i)x~^{zm)---x~^{z2)x~^{zi) is zcro at Zi/zi+i = q^ .For any level m integrable 
module ofUq{sl2), the correlation functions ofx~{zm+i)x~{zm)---x~{z2)x~{zi) is zero, 
ifzi+i/zi = g^. 

Lemma 2.6. On P,we have 

x^{q^z) = q^^" exp[± ^ a_fe(g - q~^)q''q'^^^z'']x^{z)x 

k>0 

fc>0 

ip^\zq^^+^)x^{z)il:^\zq^"2+^). 

Proof. 

x^iqh) = exp[± J2 ^g^^^'^^^l exp[T ^ ^gT^'=5-2fc^-fc]g±a^±9„+i^2±9.^2 ^ 
fe>0 i^J fe>0 i^i 

fc>0 fe>0 

exp[± E a-k{q - q~^)q''q"^^''z'']x^{z) exp[T E(? " g"^)(-g"")afeg^^*'-z~1gV^^" = 

A;>0 fe>0 

g^^« exp[± E a-kiq - q''^)q''q^^''z'']x^{z)q^^'' exp[^ E(? - q~^)i-q~'')akq^^''z~'']. 

k>0 k>0 

Lemma 2.7. On 0"^+^^, let A^{x+{z)) = (1 ® 1 (g) ... ® A)....(l (g) A){A){{x+){z)), 
then 

A"'{x+{z))A"'{x+{zq^)) ■ ■ ■ A'"(a;+(^g(2™))) = 
^(zq'^''Mzq'/^+^) ■ ■ ■ ip{zq^'^+^^-^)x+{zq^^) ® ip{zq^l'')ip{zq'"^+^)- 
■ ■ (p{zq^/^+^'^-^)x+{zq^"'-^) ip{zq"'-^/^)x+{zq"'+^) x+izq"^). 
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Proof. Prom the comultiplication formula, on {g)"*+^F we have 

(1 ® 1 ... A)....(l ® A)(A){(x+)(z)) = 

x^{z) ® 1.... ® 1 + ... + ^{zq^^^) ® ^{zq^^^) ® ... <8) 
1... 1 + .... + (f{zq^'^) ® ^{zq^'^) ® ... ® (^(^rg"""^/^) ® = 

m 

1=1 

Let 

First, we know that there are no poles at Zi/ Zi+i — (Theorem 2.1). Let < i < 

j < m + 1 

((^(^g^/^)(8)(^(2;g^/^)(8)...®x+(;2g*)®l..®l)((^(wg^/^)0(^(wg^/^)(g)...0x+(wg^')0l..0l) = 

ip{zq^''^)ip{wq^''^) (g) (p{zq^/^)(p{wq^/^) ® .. 

(g) : x+{zq'-^)(f{wq'~^^'^) : ® ® ... O l^if^r — j- 

Thus know that if there is any i, such that Oj < Oj+i, then the correlation functions 
of /(J^,...a^+2(^i) are zero at Zi/zi^i = q^. That means the elements that are 

possibly not zero have the property that Oj < a^, if i > j. Because x'^ {z)x'^ {zq^) is 
zero, we have that the elements that are possibly not zero have the property that 
Oj < ttj. if i > j. Therefore we finish the proof. 

Let x+'"'{z) = A"'{x+{z))A"'{x+{zq'^)) ■ ■ ■ A^ix+izq^^""^)). 

Theorem 2.8. 

x+'^izq^) = ip-\zq^/^) (g) ip-\zq^/^) (g) ....ip-\zq'^+"')x+'^{z) 

^(^^i+2"^+i) (g) (^iP{zq^+'^+"') = 

(10 1®...® A)....(l ® A)(A)(^-^(^5"^/2+^/2)x+"^(z) 
(10 1®...® A)....(l A)(A)V'(-zg^"'+^^^/^). 

Proof. 

X+^izq'') = (^(^?2gV2)<^(^^2^1/2+2) . . . (^(^^2^1/2+2rn-2) 

(/^(^?2g3/2)^(^^2^3/2+2) . . . ^(^52^3/2+2m-4^+(^^2^2m-l)^ 

ip{zq\"'-'/'')x+{zq\"'+') ® = 

ipizq^q'/'')ip{zq''q'/^+^) ■ ■ ■ (^(z?2?V2+2m-2)^-l(^^-i+l+2m)^+(^^2m)^(^^i+l+2m)(g, 

ip{zq''q^/^)ip{zqY^^+^) ■ ■ ■ ^{zq^q^/'''^^'^-^^~\zq-'^+^V{zq^"'-^)ipW^''^'^) ^ ■■■■ 

x+{zq"')ij{zq^+'^+^) = f-\zq^/^) ® f-\zq^/^) ® x 
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On the module (8)"^'^^F, from the comultiphcation formula, we have 

A"^(a±„) = (1 ® 1 ® ... ® A)....(l ® A)(A)a±„ = 
g("^)"/2a±, ® 1.. ® 1 + 1 ® ^('"-^W^ai, ® 1.. ® 1 + ...+ 

Then 

[A™(a„), A"(a_„)] = [2n][(m + l)n]/n. 
From the theorem above, we have that 



fe>0 l"'J A:>0 L'^J 

(e°^ ® ® e°^)(z^«+^ (8) ® ® .... ® ^mS„-)^(l+m)m/2_ 

CoroUeiry 2.9. is an vertex operator. 

Similarly we can derive corresponding results for x~ {z) . 

Lemma 2.10. On 0™+^^, let A"\x-~ {z)) = (1 O 1 O ... O A)....(l O A)(A)((a;-)(^)), 
then 

A"^(a;-(zg(2"*))A"^(x-( V""^)) • • • A"^(x-(^)) = 

® ...<8) 

Let a;-'"(z) = A™(a;-(^g(2™))A™(a;-(;2g2m-2^) . . . A™(a;-(^). 
Theorem 2.11. 

'il;{z)-\zq^+'^ ® ...ip-\zq^/'') ip-\zq^/'') = 
(1 (8) 1 (g) ... A)....(l ® A)(A)(^(^g-("^+^)^/')x-"*(z) 
(1 ® 1 ® ... ® A)....(l ® A)(A)V'"^(-2g"™/^+^/^) 
Then, from the theorem above, we have that 

X-^{Z) = exp[- ^'"(^-^) g(l+3m/2)fe^fc] g^p[^ )/2)fe^-fe] 

(e~" (8)6"'' (g) e~") ^-^aipha + l) (^-ma„,p,,„ (g) .... g-"^9a!p/,a-)^(l+m)m/2 

CoroUeiry 2.12. x~'^{z) is an vertex operator. 



3. Quantum parafermions 

In this section, we will derive quantum parafermion and explain the parafermionic 
construction of integrable modules of f/g(s/(2)) following the line of the work of Lep- 
owsky and Wilson [LWl] [LW2]. This type of construction for the classical case was 
also given in [FZ] from a different point of view. 

On the module (8)"*+-'^F, we have that 

{1(g) 1(g) ...(g) A)....(l (g A){A){{x+){z)) = 

x^{z) (g 1.... 01 + ... + (p{zq^^^) (g v{zq^^^) (g) ... (g) x^{zq^) (g 1... (g) 1 
+.... + (fizq^^"^) ® (fiizq^^"^) <g ... ® (fiizq"^'^^"^) (g) x+izq"^). 
So the / + 1-th term X^"" is 

(p{zq^^^) (p{zq^^^) ... (p{zq^~'^/'^) x^{zq^) 1... 01 = 

exp[-(5 - q~^) ^ a_kq''^^z%-^" exp[-(5 - q-^) J2 a^^q^^/'^ z^'^'^® 

.... exp[-(g - q~^) ^ a_jtg''^^"^/^^2;'']g"^" exp[^ ^q'^'^q^'^z''] 

k>0 k>0 i'^i 

exp[- ^ ^q-'2^q-^'z-']e"z^-+\''q' = 
exp[-(g - q-^) z^{a-kq^''^ I - 1 + 10 a^kQ^'''^ .... 1 + ....+ 

fe>0 

1 ... 1 a_feg'~^/^ 1... 1) + 10. .010 ^q'^^q^^ 1... 1] 
exp[l .. 1 - ^ Tr\(f^^(f^^ 1... .... 1 e" 1.... 1) 

.... q~'^" (g) 1... (g) 

Lemma 3.1. 

[A™(afe), -(g - q-^){a_kq^''^ 1... 1 + 10 a_fcg^''/^ .... 1 + .... + 10 
... 1 a_feg'~^/^ 1... 1) + 10.. 010 ^g'^V*" 1... 01] = 

[1 .. 1 - E ® 1- ® 1' ^™(«-^)] = 

fe>0 

_^((-m-i)/2+0fc [2k]/n{q-'^^q-^^) = 

_^-fe(m+l)/2)[2^]/^_ 
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Proof. 

[A^ittk), -{q - q'^){a-kq^/'^ ® 1- ® 1 + 1 <8) a-kq^^'^ ® ■■■■ ® 1 + ■■■■ + 1® 

... (g) 1 ® a^kq^-^'^ ® 1... + ^g^^Y^ 1... (g) 1] = 

[2k][k]/n{q^/^q^^~"'^/^ + g3/2fc^fe(— +2)/2 ^ ^(^_l/2)fc^((-„^)/2+Z-l)fc^)^_^ ^ ^-1)^ 

^-fe/2^;fc^((-r„)/2+0fc/[^]) = [2A;][A;]/n(g'^/2^'^(-m)/2(^^__^^^2a-i)fc)^^-fc/2^zfcg((-™)/2+0fc/[^])^ 

Prom the comultiplication formula, we have 

A™(x-(z)) = (1^1®...® A)....(l ® A)(A)((a;-)(2)) = 
1 (g) .... ® 1 (g + 1 (g .... (g 1 (g (g ^(zg'"^) (g, 

... + x'{zq"') iS)i'{zq"''^) (g ... (g = 

m 



X-'^iz) = 1 (g) .... ® 1 ® x'{zq'-^) ® = 

fc>0 i^J fe>0 i^l 

g^" exp[(g - q'^ ^ afcg^'"'^^''"^''^'"''] ® ... ® q^" exp[(g - q'^ ^ a^g^'^^;"''] = 

fe>0 fe>0 

exp[l (g) .. (g) - E (g 1.. ® l]x 

exp[lg)l...(gl ^ ^g"(*"^)''+^''^"''g)l...g)l + ...l®..lg)(g-g"^) ^ afeg^'"^^''"^^^"^^ 

fc>0 fc>0 

1... (g 1... + ... + 1 (g ... (g l(g - q'^)J2(^kq^'''z''' (g 1.. (g l]x 

fe>0 

(1 (g ... (g 1 (g (g 1... (g 1)(1 (g ..1 (g (g (g ... (g g^«g(^-^). 
Lemma 3.2. 

[A™(afc), 1 .. (g -^g('-^)'=+^^] ® 1.. ® 1] = -[2A;]/n(g"^'=/2+'=/2) 

[1 (g 1... (g (g 1... (g 1 + 1 (g ..1 (g (g - q~^)akq^^~'^^^~^^ z~^® 

[k\ 

1... ® 1... + ... + 1 g) ... ® l(g - g-i) ^ a^g^ V= ® 1.. ® 1, A'"(a_fe)] = 

fe>0 

[2A;]/n(g"*'=/'+'=/') 
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Let 



V{±m,z) = exp[ q^irn+^W-,^] eM ^'T^'L g^^-^^^^/^^'l X 

\[m + l)k\ \[m + l)k\ 



^g±a/(m+l) ^ ^ g±a/("»+l))(^±9a/{"^+l) ^±9a/(m+l)^)^ 

Lemma 3.3. 

V{±m,z)V{±m,w) = exp[— — -rg^("^+^)'=(z/w)-'=]z2/(m+i) . v{±m, z)V{±m,w) : 

2k 

We will denote exp[-p^gT(-+i)'=(^/«;)-'=]^2/(m+i) /±(^, ^) and exp[p^(^/w)- 
by piw,z). 

Let X±"^(z) = V{±m,z)(l)^'^{z) and = V{±m, z)(i)^"'{z). We have that 

Proposition 3.4. On the space 

(/.±-(^)A™(v^(ti^)) = A^{^{w)^f^{z), 
(/,±'"(z)A'"(^(m;)) = A'"(^(w))0±™(z), 
(f>^'^{z)A'^{iP{w)) = A"^(V'(w))(/.±'"(^). 

As the commutants to A'^((p(w) and A"^('0(u'), (j)f"^{z) degenerate into the classi- 
cal parafermions respectively [LW1][LW2] [FZ]. Thus (l)f'^{z) gives us the quantum 
parafermions. 

Proposition 3.5. On the space (8)"*+^^, 

: cj>-"^{z)cl>-"^{zq-%.cl>-^,{zq-'n 1. 

This is a quantum version of a classical relations[LW2][FZ], which comply with the 
results in [DM]. 

From the calculation above, we can easily write down the commutation relations 
between (j)f"\z) and (t)f"\'w) and the commutation relations between (t)f"\z) and 
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Lemma 3.6. Ifi< j, 



(- - a"^) 



Xl^{z)Xt^{w) = i|L_ilx+-(^/;)X;-(z) = g{z/w)X^"^{w)X;^{z), 



^ w 

^2 



xr(z)xr(w) = ^-f^xr(w)x--(z) = gizHxrnxri^), 

Xr{z)Xj-{w) = ^^^^^^Xj-{w)Xr{z) = g{w/z)-'Xj-{w)Xr{z), 
xi"\z)Xj"\w) = XY^\w)Xr"\z)- 
X+-(^)X+-H = z'} ^ : Xt^{w)Xt^{z) • 



Xr{z)Xr{w) = z'{l - ^)(l - ^) : (^) : . 

z z 

Xt-{z)Xr-{w) = ^ ^ : X-(^)X+-(z) :, 

^ zq'y zq ^ ' 

Xr{z)Xt-{w) = : Xr-{z)Xt'-{w) : . 

V zn *y zn ^ * 



zq' ^ zq 



Lemma 3.7. If i < j, 



r{w,z)4>riz)<i>i"^iw) = riz,w) ^^^^i^ <i>i"\w)<i>r\z) 

r{z,w)giw/z)-'<f>l^{w)<f>t'^{z), 

„2 



r(z,w)g(z/w)cl>t'^{w)<l>+"^(z), 

-1) 

/-(^,^/;)^K^)-V7"'(^)</'r(^), 
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(1 - -) 

r{w,z)ct>r{z)ct>r{w) = r{w.z)z\l - -)(1 - ^) : 0r-(^)'/'r (^) ^ ■ 

z z 

cl>t'^{z)ct>.^{w) = p{w, z)z-' ^ 



\^ zq)\-^zq ) 

Theorem 3.8. 

\p{w, z)(l)+"'{z)(l)-"'{w)-p{z, w)(f)-'^{w)(l)+"'{z)] = ^ {S{z/wq'"+^)-{5{z/wq-^"'+^'^), 

f^{w, z){z - wq^^)(f)^^'^"'(f)^"'{w) = f^{z, w){zq^^ - w)(P^"'{w)(f>^"'{z). 

We will call quantum parafermions, which degenerates into the classical 

parafermions when q goes to 1. 

Corollary 3.9. 

4>^\z) = r\z), 

<t^t\z) =<p-\z),t = 1,2- 
cl>t\z)cl>f{w) = H0f = 1,2; 
{<t>t\z),<f>r\w)}^5{q-'z/w). 

We can see that the quantum fermions is basically the same as the classical ones, 
but with certain shifts. 

Lemma 3.10. On the module C?'™'^^^, N < m, 

A"'{x+{z))A"'{x+{zq^))...A"'{x+{zq^^-^))A"'{x+{zq^'')) = 

E X^ri^)...X^;-Jzq'^); 

ii>i2---->iN+i 

E Xr-{zq'-)...Xr-Jz). 

3l<32---<3N+l 

We can prove it with the same method as in Lemma 2.7. 
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Lemma 3.11. Let < N < m, ii > i2---- > in+i, ji < j2---- < jm-N (ind the set 
{ii, ijv+i, j'l, Jm-Ar} is the set {1,2,3, ...,m + 1}. On the module ^, let 

: V{+m,z)V{+m,zq')...V{+m,zq'''') : </.+^.,....>,,,, (^), 



: V{-m,z)V{-m,zq')...V{-m,zq'^^-''-'^) : 07,'^,,....<,_,^,(^). 

Then 

S^"^- ■ = S'^"' ■ • iz\ 

V«l>«2.--->*iV+l T^31<]2----<]7n-N+l \ ' 

Proof. Let 
Then 

x{zq~^) — {z)'ijj{zq~^^'^)~^q. 

ip{zq'/^+'Mzq'/^+^+') ■ ■ ■ ^{zq'/^+^"'-''^)x+{zq^"'-') = 
ip{zq^l^+')ip{zq^'''+''+')..ip{zq^'^+'''^-'-'')x+{zq^"^^^ 

<f{zq'/^+')ip{zq'/^+^+') ■ ■ ■ ^{zq^l^+^^-'-^)x-^{zq^^-') = 

i^{zq^'^+')^{zq^'^+^+') ■ ■ ■ (^(^gV2+2m-i-2) -^^^2m-;-l)^^^^2m-i-l/2)^ ^ 
ip{zq'/^+')ip{zq'/^+^+') ■ ■ ■ '-2fc-2)a;(^g2m-i-2fc-l)^^^^2m-/-2fe-l/2). 

This gives us the proof. 

Corollary 3.12. For < N < m, let 

<P^-'^iz)=Y.<Pt';,,„„^.,,,{z) 

Then 

= cf>-'^^^-''-\z) 

Let V^~(±m, z) be an vertex operators such that : \^~(±m, 2;)\^(±m, z) :— 1. 
Corollary 3.13. 

: V-{+m,z)...V-{+m,zq'^^) : A"'{x+{z))....A'^{x+{zq^N)) = 
: V-{-m, zq''"'-''^)...V-{-m, z) : A"*(x-(zg'"^-'^))....A"*(x-(z)). 
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This generalizes the corresponding results in [LP]. 
Definition 3.1. Let 

for N < m. We call (p'^'^{z) quantum parafermions. 

These quantum parafermions degenerate into the classical parafermions, when q 
goes to 1. 

With the results above, we can write the operator product expansion of these quan- 
tum parafermions and the commutation relations between those quantum parafermions 
The operator product expansion is very complicated as it can been see from the com- 
mutation relations below. 

Proposition 3.14. 

i=0,l..,M 

j=0,l..N 

1=0,1. .,M 

n {q^zq^^ - wq^')f+{zq^^, ^/;g2^)0'"'^(w)</)"^'^(^); 

j=0,l--N 
i=0,l..,m-M-l 

n {zq'^ - q-'wq'')rim'\ zq'^)^''' {z)^''' (w) = 

j=0,l..m-N-l 
i=0,l..,m-M+l 

n {q-^zq^^ - wq^')f-{zq^^,wq^')(l)"'''''{w)(l)"''''{z); 

j=0,l..m-N+l 

A version of quantum parafermion is given in [BV], where only (f)"^'^{z) and 
are given. With the Drinfeld comultiphcation, we are able to follow the line of [LWl] 
[LW2] to derive all the integrable representation. This automatically leads us to the 
quantum parafermions characterized as the commutant to ^p{z) and ip{z). Clearly, 
we can use the operators (f)'^"''{z) to derive x'^{z), by V{±, z)(j)'^{z), which gives 
parafermion constructions. Combining the results in [DM], we bascially derive all 
the corresponding structure corresponding to the results in [LWl] [LW2] concerning 
the structure of standard modules for the case of 5/(2), which essentially prepares 
all the necessary conditions for the extension of the results in [FS] to the quantum 
cases. On the other hand, parafermions in the classical case have very important 
apphcations in the conformal field theory [FZ]. Our (f)'^'-^(z) as deformed fermions 
should play an important role in formulating the theory of the quantization of the 
conformal field theory. The results in this paper can be extended to the other cases 
of quantum affine algebras in a straightforward way, which will gives us the structure 
of the standard modules of the quantum affine algebras hke in [LWl] [LW2] . 
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